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Abstract. We examine the characteristics of guantum jumps in 2 Raman (A) system driven
by two coherent fields in terms of the joint probability for successive arrivals of photons. In
particular, we derive the general expression for P(1,Ty;0,T5; 1, 7T3), the probability that a
photon is counted in the interval (£, 7 + ) and (¢t + T + T2, ¢ + T} + T3 + Ta) with no photon
in the intermediate interval {t + T, + T\ + T2), and discuss its behaviour,

1. Introduction

In the recent past a considerable amount of work has been reported on the observation
of quantum jumps in a single ion using transitions either in A or V configurations of
atomic systems [1-4]. The fluctvations in the photon emission in quantum jumps have
been theoretically analysed in terms of the intensity—intensity correlations or in terms of
the statistics of dark and bright intervals [5-20]. The statistics constitute the calculation
of the photon counting distribution P{n, T) which describes the probability of emission of
‘n’ photons in time interval T. The calculation of P(n, T} requires knowledge of intensity
correlations of all orders. However, in order to keep track of the photons emitted in given
time intervals the joint probability P(n;, Ty; nq, T2; n13, T3), describing the probability of
counting n2; photons in the interval (¢, t +71), n» photons in the interval (t+Ty;t+1 + T3)
and r3 photons in the interval (¢t -+ Ty 4 T3; ¢ + 17 + 75 + T3), is useful. In particular
for the problem of successive arrival of photons, the probability P(1, T3; 0, Tz; 1, T3) is of
importance.

In the present work we use the joint probability described above to characterize the
photon emission process occurring in a three-level Raman (A} system driven coherently
by an external field satisfying quantum jump conditions. The joint probability refers to the
emission of photons corresponding to the excitation of the strong Rayleigh transition.

The paper is organized as follows. In section 2, we discuss the time interval approach
for photon statistics. In particular, we derive a general expression for a threefold generating
function from which the required joint probability can be obtained. In section 3, we
discuss the mathematical formulation describing various intensity correlations pertaining
to a three-level A system. We then derive the general expression for the joint probability
P(1,T1;0, To; 1, T3) for this case. An approximate analytical form of this quantity is also
derived which allows us to study some broad features. Finally in section 4, we discuss the
results based on exact numerical evaluation of the joint probability.

0305-4470/95/205903+15519.50 © 1995 IOP Publishing Ltd 5903
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2. Photon statistics: a time interval approach

Statistical propertics of optical ficlds are usuvally analysed by photoelectron counting
techniques. These constitute the most useful and appropriate methods for analysing the
properties of light fields and are closest to the experimental detection techniques.

A way of studying the statistical properties of an optical field is by considering the
distribution of separation times between the individual photons, A systematic way for
studying such time-interval probabilities is through the generating function approach first
introduced by Glauber [21]. A review, which includes a formal definition and the uses of
such generating functions, is given by Barakat and Blake [22].

Glauber’s first-order generating function is given by

00, Ty =Y (1= A"P(n,T)
n=0
= (Twexp[—AW]) (1)

where P{n, T) is the probahility of registering n photocounts in the time interval [¢, ¢+ T,
and W is related to the intensity /() by

tLT
W=g j: 1¢)dt! @

with ¢ the quantum efficiency for detection of photons. The symbol T denotes the time-
ordering, normal ordering operator. It is clear that the quantity of interest P(n, T') is related
to the generating function [22-23]

(=D"aem)

Pn,T)= PUR Y

(£))

A=1
Note that the generating function Q(A) involves intensity correlations of all orders, which
may be easily seen by expressing exp[—A W] as a power series in W. The photon distribution
P(n, T) in resonance fuorescence from a single atom has been obtained by Mandel [24].
In this case the higher-order intensity correlations can be expressed as products of intensity
correlations of second order. This property also holds for a three-level atom interacting
with two coherent fields sharing 2 common level, as in the case of a A or V system. In the
case of quantum jumps in three-level systems, P(n, T} yields information about statistics
of the dark and bright intervals [10, 19].

The higher-order generating functions [23] may be defined by a straightforward
generalization of (1). In particular, in connection with quantum jumps, one may be interested
in describing the most general situation, namely, the arrival of a photon followed by a
gap and subsequently the arrival of another photon. This quantity requires a third-order
generating function which is defined as

o0

3
QG da )= 3 []U1— 2" Pas, Tiin2, Toi s, T) )

mnzny=0i=1

where P(ny, T1; na, To; n3, T3) is the joint probability of registering n; photocounts in the
time interval [#, 7 + T;1, ({ = 1,2,3). The quantum optical definition of this generating
function is given by

3
QA A, A3) = (TN exp |: - ZMWG]) )
i=1
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where W; is given by equation (2), but defined over the range [#, & + Ti].
The joint probability P(n, Ty; nz, T2; n3, Ts) is obtained from @ by the following
formula

(_ ])m +na4-n;3 gritaatns
) Q(Al ’ AZ) l3)|l;—lz—:1.3—-] (6)

AT AT AT

Thus the third-order generating function Q is first obtained from equation (5), and
subsequently use of equation (6) yields the joint probability distribution. The evaluation of
(A1, A2, A3) is lengthy and is discussed in the appendix.

It is shown in the appendix that the factorization property allows us to express the
result in terms of the normalized intensity correlation of second order only. It is more
convenient to introduce the following triple Laplace transform of O(A1, Az, A1) denoted by

O(M, Az, As):

. xD o0 0

G, hay ha) = f dT; =5 f dTye s f dTy OO, g, Aa)e™Ti, ™
3] 0 {

P, Tiing, o0, T3) = ( 7, lnztng!

The expression of Q(}Ll, Aa, A3) is obtained in the appendix.

Next we derive the expression for P(1, T1; 0, T2; 1, T3), which is used to characterize
the quantum jump behaviour in atomic systems. This is the joint probability of detecting
one photon in the interval [, #; + 711, no photon in the interval [£;, &z + T2] and one photon
in the interval [#3, &3 4 T3]

Taking the Laplace transform of this quantity we have

oo Ls o] aQ
E[ dTlf dej dT; exp ( - ZZ{F,-)P(I, T1;0, Tp; 1, Ts)
0 Q 0 i

30

E ———————— . 8
371 0A20A3 ®

A =ha=iz=1
Now each termmin the expression for 0 (equation (A26)) is such so as to reeder an easy
expression for P which can be written as

(91)? (1)’ "
U+ gl F)*(1+ qlooFS)z (I + gl A2+ qf )1 + qloc F3)?

_ (qfoo) Z
(1 + qlooFa)(1 + gl F3)2 &~ [1 4+ qly F(z1 + vp)J?

P =

®)

where F;, x; and v, are defined in the appendlx.
This is as far as we can go formally. In the next section we use the specific form of
f () for a problem related to quantum jumps in a three-level system.

3. Intensity correlations and evaluation of P(1,T3; 0, T3; 1, 13)

We consider a three-level A system shown in figure 1. Here we assume that the Stokes
transition is very weak and the system is driven by two coherent fields E; and E; at
the respective transition frequencies. The transition between the levels |2} and [3) is
also very weak since it is a dipole forbidden transition. In the present mode! population
trapping does not take place since we assume vy # 0, 12 # 0. The Rabi frequencies
associated with the fields are Gy = —dnE /h, and Gy = —d\2E4 /R respectively. The
intensity—intensity correlation function of the field can be expressed in terms of the
correlation function of the atomic operators. For instance, the intensity—intensity correlation
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Figure 1. The three-ievel system in Raman (A) configuration.

function for the field emitted on the strong transition |1) — |3) can be obtained from
yE{A1() At + T)A3 (¢ + T)Az () which can be denoted by yHTN[IR(D)IR(G + T)]).
Using the complete set of density matrix equations it has been shown [19] that in the limit
of strong driving fields such as (|G1]% + [G2|)¥? > i, , 1 and v, the normalized
intensity correlation on the strong transition is given by

{TnlIR (MR + 7)) o
{Ir(} IR (2 + D)} = f(r) =11 —exp(—fa7)]

+ G‘ﬂi ;‘ [exp(—Fs7) — cos(20y7) exp(~Bv)]. (10)
Various decay constants in equation (10) are given by the following expressions:
Br= (1 +12) + [{ ”‘;gi' 4G4<2lczr* +1G; 121G )] +a 2)] (1)
o= NIGE L 2 iGalt + ] +a=2)| (12)

G 20’4

Bs = (|G| + 121Gal*)/ Gy (13)
The effective Rabi frequency Gy is defined as

Go = (IG1[* + 1G22, (14)
The excited-state population in the steady state is

Ir(00) = B5/2f4. (15)

From the preceding equations it is clear that there exists three time scales 52 . B} and
G5! which determine the behaviour of the intensity correlation. The magnitude of these
time scales depends in turn on the relative magnitudes of 31, y» and vy, etc. Furthermore,
we assume that 3 3 y2, Wi, V2 and G 3> Ga. Under such conditions one can approximate
the £;’s by

. 3 n|Gal? . 3
hrontnt PN ~2}'1 (16a)

~ J’l!Gzlz )
B Gk +rtw + 2 2 (16b)

Gal*  211Gaf?
ﬁs%v1+vz| 2°  21]Gy| A vy (16¢)

Gt 1Gi
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3.1. Evaluation of P(I, 7130, T2, 1, Ty)

We cast the above expression (10) for the intensity—intensity correlation in the following
form for the ease of calculation:

f@y=14aeP ~ ;—[e"E +¢e] 17)

where

yo [C1%6s _ 1GiP
GSIBS ZGSIDO

Next we take the Laplace transform of f(t) with respect to ¢ and obtain

a=5b-—1 & = (B2 + 2iGy). (18)

1 a_ blz+p)

=3 T R GrEGrE) (15

We define
1 __ N@)

14+ qloF(z)y D@ 20)
where

N@) =z(z+ B+ 8z +57) (21)

Diy=2'+d37° +dht’+diz+dp=0 (22)
with

do = qlolB2 + 4G51B4 (23)

dy = BalB2 + AGY] + qI0l(B3 + 4G b + B2Ba(1 — a)] (24)

dy = (B3 +4GE) + 28281 + qloo(Bab — Baad) (25)

dy =282+ Ba. (26)

The roots of D{z) = 0 are denoted by w; (¢ = 1,2, 3 and 4). For further analysis we might
need the approximate values of these roots given by

@) = —2B4loo(|Go/ G1 ) wy = —(g/20Go/G1])*
w3 = wj = —[§ — (@/4)(IGo/G 1))

We now refer to our expression for £ derived in section 2 (see equation (9)). Here we have

@7

{vp} = Ba. £, 87 {ap} = [a,—g,—gl- (28)

The explicit expression for # can now be written in the following form:

[‘1’1(11)4’1(23) + a®(21)Palza)  bPa{z1)Palzs) b¢4(21)¢4(13)}
z 2+ Pa 2zs + &) 2(zq + &%)

—(gley { D1(z1)Wi(za) + aPa(z:) Walza)

F= (qloo)z

b b
—'2-‘1)3(21)‘1"3(22) 3 $ylz1)Walza) }‘Iﬁ (z3)

—a(qlm)3{¢1(21 + Ba)W2(z2) + a®2(z) + Ba)Ws(z2)
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—%¢3(z1 + Ba)We(22) — g¢’4(z| + Ba)Wa(z2) ] P2(z3)
% @ 100)3{q>1 (21 4+ E)U3(22) + aa(zy + E)We(22)
“§¢3(‘7“ + E}Ws(z2) — §¢4(z: + 5)%(@)}‘1’3(@

+g‘(qu)3{¢l(2| + E*)Wa(z2) + a®alzi + EF)Wq(22)

b b
—54’3(21 +EM W (z2) — ‘2"1’4(21 + 5*)‘1’10(22)}‘1)4(23) 29)
in which the quantities ®; and %, are given by
1
@;(z) = 30
@ 2(z + x)(1 + gl F)? (30a)
where x; =0, B, &, &, (for [ = 14 respectively);
1
Ui(z) = 30b
@ = e 00 +alah (306)

here x; = Qand y; =0, B4, £, §* (for i = 14 respectively); x; = B4 and y; = £, §, &%, (for
[ = 5-7 respectively); x; = & and y; = &, §* (for i = 8, 9 respectively); x10 = y10 = £*.
The complete expression for the joint probability P(1, 71; 0, T»; 1, T3) may be obtained
from equation (29) by taking the Laplace inverse of the various functions ¢;(z) and ¥;(z).
However, for further discussion, we need to. consider only an approximate expression for
P, where only ¢ 2(T) and 12 5(T) are involved. Explicit expressions for these functions
are as follows:

$(t) = i [(w; + Ba)(w; + §)(w; + £

j=1 ;:1(‘9.!' —;)?
X ex (w-:){t+2( S E )—22—-—1“] (31a)
P wjt Py wpt+E o +E b T
& wiw; + Ba)(w; + §)%w; +E%)°
¢ (t) — £l J J J
: ;g.' Tl (@ ~ w)?
1 i 2 2 1
Xexp(w,-r){t-l- (wj+ﬁ4 +;j+ o T E +w_,-+§*) —-2;0)} —wx}
(315)
" 1 (o B + §) @i + £
W@ =L@l = =+ ; ” (32a)
4
Wa(t) = L7 [ = 3 (s + E)ws + E)mide) (32b)
i=}
4 . . Y. _ e
Ws(t) = L= [Ws ()] = Zwl(co. 4 E)wn +Emi(e)  BalBa —5)(Bs - § )exp(—ﬂ4r)

=1 o + By l'l}Ll(w,- + fa)
(32¢c)
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Figure 2, The joint probability P(1, T1; 0, T2; 1, T3} ¢ 10~} as a function of jnterval 7} = T3 =
T (in units of p~!) with G) = 10, G2 = 0.0, y1 = 1.0, 35 = 1078y, v; = 1076y, vy = 0.0
and the quantum efficiency parameter g = 1. Curves 4, B, C, D correspond to the values of
Tz =001, 0.1, 1.0, 0.0, respectively, The oscillatory character of P for very short times is
not shown here.

el ant

() = 33
() 1 (33)

i (@ — 0p)

3.2. Approximate expression for F{1,T1;0,T2; 1, T3)

Basically, in quantum jump problems we are interested in slow time scales. On this scale the
rapidly oscillating part involving exp(—£T) and exp{—£*T') are neglected. The expression
for P(1,Ty; 0, T»; 1, T3) now takes the simplified form

P(L, T 0, T 1, T3) = (@leo) @11 (T3) + aDa(T1) Do (T)e AT}

—(g 1P {®1{T)V(T) + a®s(T1)V2(T2)} 1 (T3)
—a(g oo (®1(T)V2(T2) + o (T Ws(T2) ) Do (T3)e™ T

= (qloo)’[]l — gloo W1 (TP (T1) 1 (T5)

+a(glo) e ™H7 — ag e T U5 (T0) | 9o (T1) 02(T5)
~a(q 1ol 102 T1) @1 (T5) + B2(T3)®1 (T))e™HT 1Ws(Ty). (34

The approximate roots w, and e (cf equation (27)) need to be considered now. For the
special case when &3 = 0, these roots are

w = —2841c w3 —q/2. (35)



5910 0 V Lawande et al
P Q1 .T1 ;O.Tz;l rT3)

.50 A
8

.40

.30 C

.20

.10

00 D\

US5.0 0 -2.0 1.0 4.0 7.0 10.0
logm(Y‘Tzl

Figure 3. The joint probability P(1, T1; 0, T2; 1, T3) % 1072 as a function of interval 7} = T =
T {in units of y"‘l) with G2 = 0.05. The other parameters are the same as in figure 2.

In this case, we have the following expressions for the ¢’s and ¥’s:

o1(t) = %cl — 2o [Ba(1 = 2150)t — 2]e™ bt 4 [z + %tl - 2100)] e (36a)
484 28It 4 tf2

$2(t) = ~Z [Baloo(l — 2Upo)t — (1 — dly)Je ™M F 4 | 1 + ;2-(1 —4lx)Ba | &0

(36h)
Wi () = +[1 — g Hulety 4 %[e-%’w' ! (360)
Pn(e) = é[e-zﬂ“’m' _ e (364)
Ws(t) = ﬁ[c"ﬁ“ — 2 el ze-'f'ﬂ. (36¢)

[=+]

Note that as ¢ — 0, ¢n2(t) and ¥ 25(¢) — 0. We next examine the behaviour of
P(1,T;; 0, T3; 1, T3) for various situations.

(i) First, we keep T} and T fixed and examine P as 73 is varied. For 7 — 0, ¥ (T3),
W4 (15) and ¥5(75) — 0, and we have

P(L,T;0, T3 1, T3) = (qlo){@1(T) @1 (T3) + a®o(T)D2(T3)}. (37)

Hence the initial value of P as a function of 7> depends on 77 and T3 as expected. For
small, as well as very large values of 7} and T3, P is small. However, P attains 2 maximum
for some intermediate values of T; and T3.
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Figure 4. The joint probability P(I, T7; 0, Tz; 1, T3) x 107! as a function of interval T; (in units
of ™) with Gy = 10, G = 0.0, 31 = 1.0, 1o = 1075y, 1 = 105y, and v2 = 0.0, Here we
have taken T) = T3 = T and the curves A, B, C, D correspond to the valoes of 11T = 0.5, 1.0,
1.5, 2.0, respectively, The inset shows P(1, T1; 0, To: 1, T3) x 1075 as a function of Tp from
logyp(v1T2) = 1.45 onwards.

(ii) For small values of 73, e~#" and e=2f+/% 22 { and hence,
2
Wias(t) > ~l1 - e /7], (38)

Therefore
P(L, Ti;0, Tay 1, T3) = (q oo} {I(1 = 24c0) + 2ot ™7/ 2]@0, (T1) @1(T3)
+afl = 2akeee ™1 (1 — e~ 0y(T1) 2 (T3)
—2al0[®@2(T1)®1(T3) + S1 (T1)P2(Tr)e M1} — ™7/}, (39)
Now as T; is increased, P decreases steadily from its initial value (37), the decreased rate
being governed by the decay rate g/2. Eventually the factor e47*/2 tends to zero and P
attains a platean with the value given by
Pug piatean = (q1ao) ({1 = 2/ea) @1 (T)) 1 (T3) + a(l — 2alee™ M) Dy(T1) Do(T3)
—2al[P2(T) D1 (Ty) + D1 (T} Do(Ta)e ™A1}, (40)
(iii) For larger values of T; where e 972/2 — 0 but e~ and e~%+/=% are significant
we have
1 2
() = o — ST 1)
o ¢
where a = (1 — 21.)/21

2
() = Ee_zﬂ“f“’ & (42)
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Figure 5. The joint probability P(I, T1:0, T2; 1. T3) x 1072 as a function of interval T3 (in
uhits of y") with Gz = 0.05. The other parameters are the same as in figure 4. The inset
shows P(1, 71; 0, Tz 1, T5) x 1078 as a function of T3 from log,g{y T2) = 1.45 onwards.

1
Ws(Ty) = [eAT — 21 e 2lnTa], (43)
gal

o0

This leads to

P(L T 0, T 1, T3) = (gloo)* (1 — 2Uo0)e ™M= 0 (T1) 1 (T3)

+ale T — (67T — 2l e H=T1)e~ATi 1o (T} ) Do (Th)

—2a Lo [@2(T1) 21 (T3) + ©1(T1) (T3 )e AT e 2ulnTay, (44)
It is clear from equation (44} that the probability P eventually decays to zero for very long
times, characterized by 218472 > 1.

Note, however, that in the above analysis, we have set G, = 0. The formula will still
hold if we let

|Gol? |G
|G12 1Gol?

in the above approximate expressions. These changes will give the behaviour of P for
different values of G,.

lo = Iy =1y and g—a =g

(45)

4. Discussion of results

We have evaluated numerically the complete expression for the joint probability
P(1,T1; 0, To; 1, 1) for the parameters of interest. The numerical results are consistent with
the qualitative features discussed in section 3 with the help of the approximate analytical
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expression (34). In figure 2 we show the behaviour of the joint probability with respect
to time Ty = T3 = T for various values of time 7> when no field is applied to drive the
weak transition |1} —» |2}(G2 = 0). As expected on physical grounds, the probability
shows a sharp maximum when y; T ~ 1. However, as the time interval {T3) between
successive emissions is increased, the height of the maximum decreases, This is because
the successive photons arrive within a time interval that is of the order of yl"l. Also, as
shown in figure 3, when a field is applied to drive the weak transition }1} — |2} the heights
of the maxima decrease, as compared to the previous case (G = 0}, due to the increased
probability of shelving of the electron in the level |2}. Figure 4 displays the behaviour of
joint probability P with respect to time T3 for some fixed values of 1 = T3 = T(nT 2 1)
with G2 = 0. For small values of T3, the probability P is nearly constant and thereafter it
rapidly decreases. This decrease is essentially governed by the time constant ¢ /2. The inset
in figure 4, however, shows the existence of a plateau when T approaches the second time
scale {~ p~1). During the plateau region the probability that no photon is emitted remains
constant due to the shelving effect. Eventually, for very large values of 75, the quantity P
decreases to zero since an interval of that length contains both dark and bright periods of
the quantum telegraph. Figure 5 shows the behaviour of the joint probability as a function
of time 75 when a small field is applied to drive the transition |1} — |2}. The behaviour
is similar to that shown in figure 4 except that the values of P are lower because of the
enhanced probability for the electron to be shelved in level |2},

Appendix. Evaluation of the third-order generating function Q(A, Az, A3)

In this appendix, we outline the steps leading to the evaluation of Q(/\t, A, A3) as defined
in equation (7) which is subsequently used in the main text to evaluate P.
We start with the expression

;]
= ) (Tn(A Wy + 2 W + A3 W3)")

O, Ag, hs) = Z

n=0

o0 1 n n
_1+Z( |) Z”Ck)u’f{TNW]"(JLzWZ+JL3W3)"""‘)

r=1
=1 +i22( i RCp "R C AP T WEW R WETEY . (AL
NPy ¥y ¥y
n=1 k=0 m=0 nl

Typical terms which occur in the above expression are {Ty Wf), (TNWE"‘I'VJT""‘) (i, j = 1-3,
i< jyand (TyWEWpwi—k=my,

We evaluate the contribution of each of these terms towards Q. First consider a typical
term

t+T I+T1
(TWWP) = f [ Aty (T ()] (12) -~ 1))

= g"n! f dr, - fdn(TNI(:;)mz) @)
0

= g"{1)" fo dty - - fn at ] /s =t (A2)

=2
where f(t) is the normalized intensity correlation of second order defined by

F () = (InI (8} (to + DY T @} (o + )] (A3)
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In the step (A2) we have used the so-called factorization property valid for a single atom.
This property allows us 10 express higher-order correlations as a product of correlations of
second order, e.g.

(Kol ()1 t)) = (N2 f(nr — ). (Ad)

Therefore, the knowledge of this normalized intensity correlation f(z) allows us to evaluate
every other correlation.

We thus have
T % n
tnwi) = Gl [ dte-o- [ an [ £ =) (a3)
0 §s=2
where (I} = I.
We define a triple Laplace transform
——— et = oo 2 o0
(TyWh = f dT e~ b f dhe* f AT {TyWhe uh (A6)
0 0 0
and using the convolution theorem we get
P [FZpy! ,
" = (gloo)'m ——— =1-
{TWW!) = (gle)'n 777, i=1-3 (A7)
- [=.<] T o T, [==] T, I
)= dTe'z“f dTe—“f 4Ty e™=% = . A%
(= [ amse™® | amesn | Vo o (AB)

Here F(z) is the Laplace transform of the normalized intepsity correlation function f{(z)
defined earlier. }
The contribution of these terms to @ is
I T (R < i
212223 ZyZ22Z3 4 Zi(1 + Mg Lo Fi)
where F; = F(Z;).
Next we consider terms of the type

A

(A9)

T Tet2 Ti
{Tn: Wlk Wz"'k) = kW n — k)Ygleo)® f diy - -- di g dry,
0 0 Q

A n k
. fo dn( I1 f(fs—l‘s-t))f(fk-i-i-l-rl-fk)(l_[f(rr-fr—l)) (A10)
r=1

s=k+2
and evaluate the triple Laplace transform

o0 =S o0 T g2 Ti
f dT3e 5% f csze_zzT2 [ dy gah dr,--- g1 dr
0 [4] 0 0 0 0
12 n k
g f dr.( I 7¢ —ts—:))f(fm +T "‘fk)(]_[f(fr —rm))
0 S=k42 r=1

1 oo 00 Tz Ten2 T
= —Z— / dTs g1l f dT e"‘r' f ds - f dtesg f ds
3 Jo 0 0 4] 1]

f1 it k
”fo dl'l( l_[ fles — ts-]))f(fk-z-l +T - tk)(l—[ = fr~1))
r=2

s=k+2
_ Fn-k—l ( zz) 0
ZyZ5 o

3 Iz 3
X./: dtk-lj; dtl(gf(fr —Zr-l))- (Al1)

oo n
dry g e j{; dT e~ uT f dig f(tey1 + Ty — 1)
0
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In order to evaluate this we write

fre) ¥4l o0 oo
f d7 Efz‘r'/ dig fltesr + 11— 1) =f dfkf ATy e ™0 fte + T — 1)
0 4] 4] [/
o0 oo *
= [ anemen [ e i + 1)
0 0

oL [=-]
= f dTy & 37 f(fy1 + Th) f dfy ™%, (A12)
0 0

From here on, the convolution theorem is applicable and we may write
[ F(Z)P U (Z)E!
YAVAYA)

oo o0
xf dipyg e~k f dT e fty + T7). {A13)
¢ 0

(Tig : WEWZ™) = K1 — £)1 (g Loo)

Consider now the term

T feg i3
{(Tn : w,fw;"") =kl{n —k)!(qlm)"f dr, / dtk_,_,f ds,
0 0 0

t; " k
: [ dl‘l( I_I flts — fs-l})f(fk-l-l +1— Ik)(n fi = fr—l))- (Al4)

0 s=kt2 r=1
Finally, we consider

1+T i+ 3T+ T T
(Tn : WEWS™ = f dey - - f d; f dre
f t +N+T;

t+T + 415

f dtn (T d (1)« - () (tigs) -+ T(t)). (A15)
t+Ti4+T

Using the factorization theorem, we may write this as

T3 /2% teyl
{Ty: W{‘W;“k) =kli(n— k)!{qu)"f ds, - / digy de,
0 ¢] 1}

il n k
fo dﬁ( [ ro- Es-l))f(f;m +h +T2—i‘k)(nf(fr - lr—l))-
r=1

s=k+2
(Al6)
If we take the triple Laplace transform and use the convolution theorem as before, we obtain
(T : WEW5) = (1 — D) Loo) (F(Z) 1 LF(Z)) 401 (21 22 Z5) (Al7a)
(T : WEWP ™) = (n = kNG L) [F(ZV 7 [F(Z)1*a(Z1 22 25) (A17b)
(T : WEWI™5) = (n — )k Hg L) [ F (201 TR (Za)] 1 k3(212223) {A17¢)
where
] oo o0
ki(Z1Z773) = f Aty e80! f dT e flgear + ) (Al8a)
212225 Jy 0
1 oo Q0
k2(ZyZy23) = f dg ;e84 f dT,e72" f(teyy + T2) (A185)
212224 Jo 0

[=+] =] [=9)
i3(Z12,23) = flz_s A dT e~ 2h fo dT; e~u T fo Ay 73 Ftey) + T + T2).
(Al8c)
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On using the standard form of f(r) given by

F@ =1+ Zape_”P’ (A19)
I
where v, are complex quantities, we arrive at
1 a
= + £ A20a
! 227375 ; ZU(Z1 +vp)Z2(Z2 +vp) 23 ¢ )
1 a
Ky = -+ P A20b
*T 2,7272 ; Zy(Z2 + v,022(Z3 + v,)Z3 (A208)
1 ap
_ , A20
“ 212222%' + ; Z\(Z1 +vp) 223 + vp) Z3 ( ?
Contribution from these terms to O(A;, As, Az} is
MAxgle),1(Z1, Z3, Z3) rada(glo)iia(Z1, 22, Z3)
(1 + qlooht Y1 + glockaF2) (1 + qlocha Fa)(1 + glooAs F3)
A (gl 2y, 22, Z
1 1(g 1) k3(2Zy, Z2, Z3) (A21)

(I + gl Fi {1 +q]oo)~3pa)‘

Finally, we consider the following term in equation (7), i.e. {Tn : WEWZWF-E=") The
pracedure for reduction of this term is as before. We take the triple Laplace transform. The
time ordering and factorization property yields

(T : WEWSWET™) = flm(n — & — m)Ng o)

T Tt m42 T Tet2 n
X f dty - - f prmri Qi1 " f 11799 dt;
o 0 0 0 0

B n
“fo dtl( n f - tf;ml))f(tk-:-mH + N+ T — tpem)
R

=k4m4-2

kdm
( [1 re— z,-l))f(rm +T+ T~ zk)(l'[ fl - r,_n) (A22)

i=k42

— I
(T WEWP Wak=m) = i z°°)

n—k—m=1 m=1 nl
[FE@ 1 (Z2)] (k!m!(n—k—m}!)

o0
xf dfk+m+ie_w*+m“f d'I:?e-zszf dfk-f-r o t2fks)
0 0 o)

a0 00 0 k
xf dn e""T‘f dtk-ﬂ-f dty exp (— ZZ,-:,-)
o Y o i=1

& k
x ( l_[ f(ff)) f(fk+m+1 +T+ T+ Zti)f(tkﬂ + Ty). (A23)
i=1

i=1
After simplification the contribution to 0 from this term becomes

_ MrzAs{g Loy rs _ Ar2Aa(g /o)’
A+ glor A + glpha F)(1 +qlohs F3) (1 + qlocda F2)(1 + qlocAs F3)

kp
X[Zp: (1 +gluh1 F(Z, +u,,)]l (A24)




On the characterization of quantum jumps 5917

where

= T 2,23

1 a
+ P A25g
Z Zi(Z) + Vp)Za(Zy + v,) 23 ¢ )

P
1
Kkp = 9 [ + Z % .
(zt + vp)(z2 + Up)23(23 + Up) (zl + Up)z?. T (Zl + Vp + Ur)(zz + Vr)
(A25B)
Finally, adding the contributions term by term we obtain
= 1 gl 5 A
M, Ag, M) = —
Q0. 32, 2a) 212,73y 212773 I Zi(1 + Mgl F)
Aida(glo)?r(Zy, Za, Z3) AAs(qloo)i(Zy, Z3, Z5)
(I + gl F1)(1 + qlocraFa) (1 +qloha F)(1 + gloohs F3)
Mahi(qloo)?k3(Z1, Z2, Z3)
(1 + qlooh1 F1)(I + glocis F3)
3 MAzrs(g o) rcs
(14 gloor 1 F}(1 + qlooha F2)(1 + qlonha F3)
AAads(gloo)? { Kp ]
— . {A26
(1+ glocha F2)(1 + qlod3 F3) Zp: [1+glr) F(Z1 + vp)] )
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